Introduction
The Porous Medium Equations have been studied for a long time and appear as models for several areas, such as plasma physics to filtration in porous media, thin films, Riemannian geometry, among others. In this paper, our main goal is to obtain the decreasing of the L 1 norm for bounded (signed) weak solutions of the Cauchy problem
given constants α > 0 and f ∈ C 1 satisfying (f1) Let be M > 0, and T < T * . Then, for all (x, t, v)
such that |f (x, t, v)| < K|v|.
Besides that, we will derive the mass conservation property for positive (or negative) solutions.
In the case of f not depending on x and t, we have, in particular, the problem
whose solutions exhibit a lot of known properties of parabolic problems in a conservative way as, for example, regularity, decay in L 1 norm, mass conservation and comparison properties. However, in the general case (i.e., f = f (x, t, u)) some of these properties are no longer valid in general, such as decay in L q norm for q > 1, contrativity in L 1 , global existence, decay to zero in various norms when t → ∞, in case of global existence, etc, even in the case of regularized equation. In fact, problem (1) could be much more complicated when f depends on x and, −f (x) 1, as illustrated in [6] for the one-dimensional case.
The results presented in this work are original and extend previous that are already in the literature, see, as exemple [7] , where the autor proof the analogous results only for non-negative solutions and for the one-dimensional case. Besides that, in contrast to the current literature (see e.g. [8, 9, 10] ), this kind of interaction (with mass conservation or similar links) only began to be mathematically investigated very recently (in [1, 2, 7] ).
This paper is organized as follows: Section 2 is devoted to showing that L 1 norm of the smooth bounded solutions decreases on time, already in the Section 3, we will show that these solutions have mass conservation property. In both Sections, we will consider u 0 > 0 (or u 0 < 0) for all x ∈ R n . Finally, Section 4 is devoted to extend these results to signed solutions.
We remark that, in this paper, we understand as smooth and weak solution to the problem (1) a function that satisfies the following definitions, respectively:
is a bounded classical solution in a maximal interval of existence [0, T * ), where 0 ≤ T * ≤ ∞, if it satisfies classically the first equation of (1) and, besides that,
Definition 1.2.
A weak solution to the problem (1) is a function u that satisfies
When u 0 > 0 (or u 0 < 0) for all x ∈ R n , the solutions of the problem (1) are strictly positive (or strictly negative), see [7] . In these cases the solutions are smooth, which is the reason why we consider smooth solutions in Sections 2 and 3, and weak solutions in Section 4 where the initial data and solutions can change sign. For a more complete discussion of regularity see e.g. [3, 4, 5, 11, 13] .
Decreasing L 1 norm
In this section, we show that the L 1 (R n ) norm of a smooth solution of (1) decreases while it exists, that is, u(·, t)
is the maximal interval of existence.
(f1) Let be M > 0, and
Let be R > 0 and ε > 0. We define a function ζ R,ε : R n → R by
Let u(x, t) be a smooth solution of the problem (1) and let be t 0 ∈ (0, T ] such that T ∈ (t 0 , T * ). Multiplying the first equation of (1) by ζ R (x)L δ (u) (for simplicity, we will denote ζ R,ε by ζ R ) and integrating
because supp ζ R ⊂ B R := {x ∈ R n : |x| < R}.
As ζ R (x) = 0 for |x| = R, using Fubini's Theorem and the Divergence Theorem, we have
Let be
, f (x, τ, u) dxdτ and
Now, we will obtain estimates for each integrals I i (t), for i = 1, 2, 3, defined above. We will start with
, and u is smooth ∃M = M (T ) > 0 such that |u(x, t)| ≤ M, ∀ x ∈ R n and ∀ t ∈ [0, T ]. By hypotheses (f1) and applying Cauchy-Schwarz's inequality, we have
So, by Lebesgue's Dominated Convergence Theorem, we have
For the second term, we get
Since |L δ (u)| ≤ 1 and |∇ζ R | ≤ εe −ε √ 1+|x| 2 , we have
Now, we will obtain an estimate for the third term. Since lim δ→0 L δ (u) = sgn(u), letting δ → 0, we get, by Lebesgue's Dominated Convergence Theorem,
Since ∇(|u| β+1 ) = (β + 1)|u| β sgn(u)∇u, ∀β > 0, we have
where ω n is the volume of the unit ball in R n . Note that
Letting δ → 0 and using (5), (6) and (7), and letting t 0 → 0, in this order, we obtain
where
By Gronwall's Theorem, we have
Letting ε → 0, we get
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Mass conservation
In this section, we will proof mass conservation property for bounded smooth solutions of (1), that is, if u(x, t) is a bounded smooth solution of (1), then
Theorem 3.1. Let be u a bounded smooth solution of (1). If f satisfies (f1) then
Proof. Let be ψ ∈ C ∞ (R) such that ψ(y) = 0, ∀y ≤ 0 and ψ(y) = 1, ∀y ≥ 1 with 0 ≤ ψ ≤ 1,
Let be u a bounded smooth solution of (1) with |u| ≤ M and t 0 ∈ (0, T ] such that T ∈ (t 0 , T * ).
Multiplying the first equation of (1) by ζ R (x) ∈ C ∞ (R n ) and integrating in R n × [t 0 , t], we have
Since ζ R (x) = 0 for |x| > 2R, using Fubini's Theorem and the Divergence Theorem, we get
∇ζ R (x) , f (x, τ, u) dxdτ and
Now, we will show that |I 1 | → 0 and |I 2 | → 0, when R → ∞. We will start with I 1 . Using the Cauchy-Schwarz Inequality and (f1), we obtain
Then, letting R → ∞ we have |I 2 (t)| → 0.
Therefore, letting R → ∞, we get from (8) that
since I 1 (t) and I 2 (t) go to zero, when R → ∞, and ζ R (x) → 1, when R → ∞.
Decreasing L 1 norm for signed solutions
In this section, we will obtain the decrease of the norm L 1 and the conservation of mass for weak signed solutions of the problem
where u 0 is any function in L 1 (R).
Let us consider the auxiliary problems
and
To prove the main result of this article, we need f to satisfy the hypotheses below
Theorem 4.1. Let be T > 0. If u(x, t) is a weak and bounded solution in R n × [0, T ] of (9) and f
Proof. Let u, v, w be, respectively, solutions of (9), (10) and (11), by comparison (see [7] ), we have As u
The second statement immediately follows from w(x, t) ≤ (x, t) ≤ v(x, t), it is just integrate in R n and letting epsilon go to zero.
Conclusions
Note that we do not prove the mass conservation for signed solutions, we leave this question open. We believe that signed solutions has mass conservation.
The L 1 norm decreasing in addition with others properties can provide us qualitative information about signed solutions, for example, if we have the smoothing effect 
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